
CHUN-DY 74-0157 

Reprinted from Acta Crystallographica, Vol. A 30, Part 1, January 1974 

PRINTED IN DENMARK 

Acta Cryst. (1974) . A30, 1 

Fourth-, Fifth- and Sixth-Order Elastic Constants in Crystals 

By DAVID Y . CHUNO* 

Department of Physics, Howard University, Washington, D.C. 20001 , U.S.A. 

AND YUAN LI 

Physics Department, Rutgers, The State University, Newark, N.J. 07102, U.S.A. 

(Received 30 October 1972; accepted 8 June 1973) 

The fourth-order elastic constants (FOEC) of Laue groups RI, RII, HI, CII, and I have been calculated 
with the method of Rearmon. By use also of the results of Ghate for other Laue groups, the FOEC 
schemes for all crystal classes have been worked out. By the method of direct inspection the fifth- and 
sixth-order elastic constants have also been calculated for Laue groups N, M, 0, TI, TIl, cr, and CII. 
The number of independent constants for each Laue group agrees with the group-theoretical predic­
tions. 

Introduction 

Recently there has been growing interest in the study 
of the higher-order elastic constants because of the 
experimental development in ultrasonic harmonic 
generation and wave interactions in solids (Lean & 
Tseng, 1970; Peters & Arnold, 1971; McMahon, 1968 ; 
Richardson, Thompson & Wilkinson, 1968). These 
rapid developments have been stimulated mainly by 
the possibility of utilization of the non-linear acous­
tical properties of solids for acoustic delay lines and 
similiar devices. Theoretical calculations of the effec­
tive higher-order elastic constants have been made in 
both piezoelectric and non-piezoelectric crystals 
(Mathus & Gupta, 1970). However, the analysis to or­
ders higher than the third is still very incomplete. Birch 
(1947), Fumi (1951 , 1952a, b, c, 1953) and Hearmon 
(1953) have derived the independent third-order con­
stants for all crystal classes and Ghate (1964, 1965) 
has calculated the fourth-order constants for some crys­
tal classes. Using a group-theoretical method, the num­
ber of independent elastic constants has been deter­
mined by Krishnamurty (1963) and Krishnamurty & 
Gopalakrishnamurty (1968) up to the fifth order, and 
by Chung (1972) to the sixth and seventh orders. 
Recently Barsch & Chang (1968) have discussed the 
effective elastic constants under hydrostatic pressure 
for cubic crystal symmetry. In principle, one should 
be able to express the effective constants of higher or­
der in any other crystals if the higher-order constants 
at zero pressure are known. 

It is the purpose of this paper to present the calcula­
tion and results for the fourth-order elastic constants 
(FOEC) for Laue groups RI, RH, HI, HH, TIT, CIT, 
and I, and the fifth-order elastic constants (FFOEC) 
and sixth-order elastic constants (SOEC) for Laue 
groups N, M, 0 , n , TIT, CI, and CIT. The results 
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are presented in the form of tables. The number of 
independent constants of the different orders agrees 
with the group-theoretical predictions of Krishnamurty 
(1963), Krishnamurty & Gopalakrishnamurty (1968) 
and Chung (1972) in all cases. 

The scheme of elastic constants 

The elastic energy ¢ can be written as a Taylor ex­
pansion of the Lagrangian strain components 1'/: 

¢=¢1+¢2+¢3+¢4+¢S+¢6+'" . 

For a body with no initial stresses ¢o and ¢l can be 
set equal to zero, and ¢2' ¢3, ¢4, ¢Js, ¢6 can be expressed 
as : 

1 
¢2 = 2T Cijkl1'/lJ1'/kl 

1 
¢3 = 3T Cijklmll1'/ii1'/kl'1mn 

1 
¢4 = 4T Cijklmnop1'/ i j1'/kl1'/mn1'/op 

1 
¢s = 5! C/jklmnOpQr1'/ii1'/kl1'/m,1'/op'1Qr 

1 
¢6 = 6T CijklmnOpQrsr1'/u1'/kl'1T11I11'/op'1Qr1'/sr 

and the subscripts i,j, k, I, .. . take values 1, 2, and 
3 and the C ijk . . . are elastic constants of different or­
ders. In the classical theory of elasticity, the strains 
1'/ are assumed to be small, and the terms of higher 
order than the second are neglected. If the strains are 
not infinitesimal, then the higher-order strain terms 
enter into the strain-energy function. 

The standard Voigt notation may be used for sim­
plification. Each pair of indices ij may be abbreviated 
as a single index with: 

11 ~ 1; 22 ~ 2; 33 ~ 3; 23, 32 ~ 4; 
13, 31 ~ 5; 12, 21 ~ 6 . 
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The 21 second-order elastic constants Cjk may be 
written as Cu , C22, C66, • •• in this notation. Similiarly 
this rule is extended to higher-order elastic constants. 
In all the tables presented in this paper, for simplicity 
the letter C is omitted, e.g. 11111, 122234, ... etc. rep­
resent CUl11, C122234, ••• etc., respectively. 

dinates transform under rotation by an angle 8 about 
the X3 axis 

X~ =mx l + nx2 I 
x~ = -nxl +mx2 
X3= X3 

where m = cos 8, n=sin 8. The strains 
cording to the equations 

(1) 

transform ac-While the method of direct inspection can be ap­
plied for groups N, M , 0 , TJ, TIl, CI, and CII, the 
same cannot easily be applied to RI, RII, HI, and 
HII. A method simi liar to that of Hearmon (1953) 
will be used. 

7'f~/=alkajl7'f1} (2) 
where alk, ajl are direction cosines and I, J, k, 1= 1, 2 
or 3. The summation over repeated indices is implied. 
Equation (2) can be written out as: 

Calculations of FOEC (for RI, RII, HI, and HII) 

Owing to the invariance property of the strain energy 
with respect to transformation of axes, some of the 
elastic constants can be set to zero if the transforma­
tion is one corresponding to the symmetry operation 
of the crystal. 

For the trigonal and hexagonal crystals, the coor-

7'f~ = m27'fl +n27'f2+ 2m1lf/6 
7'f~ =n27'fl +m27'f2-2mn'l6 

7'f~=7'f3 
7'f~ = m7'f4-n'ls 
7'f~=1lf/4+m7'fs 
7'f~ = -mn7'fl + mn7'f2 + (m2-n2)7'f6' 

Table 1. Fourth-order elastic constants (FOEC) (~.~ f ' 3 ) 
R N .~II .or 

III (') ( JI (4) 

36 2346 l Z,U- 2 . 113S 

48 2JSS 1344 1344 .. 2U6 2 . 11J4_1234 2.1134_ 1234 
f8 23GB 6. J J 13 _ 1 1 23 6 . 1113- 1123 

- 3,2223 _ 3 .2 22 3 
Jt 2414 .. (14f4 ~ 1455) /2 - (1444+1455)/2 .s J4U . (3 . 1555 - 1445) /2 0 
.S 2 .46 (2.1145 .. 1245) /2 0 •• 2 455 fl4$S - 3 . 155$)/2 0 
1 .. 2 1 S8 .. 2 . 1144+ 2 . 11$$ - 2 . 1144 4> 2.11$$ 

4>124f _ 12f.i$ +1244 .. 125S 
96 2 46 6 .. (5.1114 .. 1156 - (5. 1114- lISS 

- 3 .1124)/3 _ 3 , 1124)/3 
J2 2SS!) .. ( 1$$$ 4> 1245) / 2 0 
'S 25 56 - (2 . 1145 .. 1245) / 2 0 
96 2566 .. (10 . 1 1 1$ .,. 3 , 1146 0 

.. 6 . 112S) / 6 
Jt 2868 _ (4.1116) / 3 
1 JJU 
8 3J34 
8 lJlS 
8 J U s .. JJU 
48 JJ U 0 0 
f8 3 3 48 -,.U3,s 0 .. JJSS JU 4 3344 
fB J J U 2 . 1334 2.1334 
Zf JU, 2 . 113 3 .. 12 33 Z , 11 33_ 1233 
J . l U I 
96 JUS ' 0' 
•• 3448 13 1S 0 
96 u ss J. 3444 3.3444 

". JU S . I( USS .. U41) Z( lJS~ - lJ") 

. S 3." 2.123. 2 . 1234 
JZ JU S -34 4$ / 3 0 

•• JSSS _ U4S 0 
'S JS66 2.123 $ 0 
J' J 868 _ (' . I1 J 61 / J 0 
16 4444 

64 4445 0 0 .. 4 446 .. (3 . 1$$S+144S) / 2 0 
96 44 SS 2 . 444 4 2 . 4444 

19. flU 
.8 4488 

( 3.1414 .,. 144$) / 2 (3 . 1444 4> 1445) /2 
1 144.,.iISS +(1244 111 4+ 1lS5.( 1214 

.. 1:!5S) / ! - 1255) / 2 

•• ISH 0 0 

19' 1S.56 .. (J . 16$$ + 144$}/2 0 
19Z 4568 2 . 1245 0 
8f fS U _". 1 11$_ 12.1124 0 

-4 . 1 148) / 6 
16 S5SS fill 4444 .. su ~ (3. 14 44+1445) / 2 (3.1444+14405) /2 

•• SSci6 1144+116$_ (3.1244 114.4 + 1155 ... (3 . 124'1 
.. 12S,s)/2 . 12 • • 1/2 .. 5686 (' . I114- l? . 11 2 1 (4 .1114 ... 12 , 1124 
+2.11S6J /6 + 2 .11 56)/6 

18 8688 (2 . 1111 _ 5 . 1112 (2 .1111 - 5 . 1112 
+ 3.1122 + 1168) / 3 +J.l1:! 2 +1lS6) / J 

HII HI 
( '1 (SI 

1344 IJH 
0 0 

8.1113 _ 1123 6 , 1113- 1123 
_ 3 . 2UJ _ 3 . 2223 

0 0 
0 0 

(2 . 114$_124$) /2 0 
0 0 

- 2 . 1144+2 . 11$$ - Z. 1144 4> 2.1H$ 
+ 1244_ 1%$$ +1244 - 115$ 

0 0 

0 
- (2. 1145 _ 124S)/2 

0 

- (4 .111 6)/3 

0 0 
0 0 

JU4 JJIf 
0 0 

2 . 1133- 1233 2.1133- 1233 

~ S 
134$ 0 

0 0 
2(13SS .. 1344) 2( 13SS- IJ44) 

0 
0 

- 1345 
0 

- (4,1136) /3 

0 0 
0 0 

2 . 4444 2 . 4411 

0 0 
1141+1155+(1 2 44 1144+1lS5 +( 1244 

_ 1255) /2 - 125.1 / 2 
0 0 
0 0 

2 . 1245 0 
0 0 

4414 4444 

0 0 
1744 4> 1155 _ (3 . 1 2 44 1144+115$ _ (3 . 1244 

.. 125S)/2 _ 125$) /2 
0 0 

(2 .1111 - 5.1112 (2 . 1111 - 5 , 1112 
+ J .1 122 4> 1168)/ 3 +3.1 122+11 6&)/3 

TTl 
(11 

1344 
0 

1366 

0 
0 

_ 1$56 
0 

HSB 

o 
_ 1446 

o 

erI I 
(81 ( '1 

1244 2 , 111.2 _ 1123 
0 0 

IUS 3.1112 _ 1123 

0 0 
0 0 
0 0 
0 0 

14SS 1456 

- 1666 0 0 

0 
0 

3311 
0 

0 
0 

_ 3416 
0 
0 

_ 4445 
0 
0 
0 

4444 

0 
4166 

111 1 1 111 
o 0 
o 0 
o 0 

1155 4 . 1111 _ 11 1% 
o 0 
o 0 

1166 4 . 1111 .. 1112 
o 0 

1144 2 . 1112_ 11Z3 

S S 
o 0 
o 0 

14S6 _ 2 . 1144.,. Z.l lSS 
_ 3 . 1244+3 . 12S$ 

o 
o 
o 
o 
o 

2.1 11 1 .,. 1122 
_ 2 . 1112 

o 
o 

4 . 11 114> 2 . 1122 
_ 4 . 1112 

o 0 
44SS 4.1111 4> 2 . 1112 

.. 4. 1112 
o 
o 
o 
o 

4444 2 . 11 11 +1 122 
_2 . 1112 

o 0 
4455 4 . 1111 +2.1122 

_' . 11 12 
o 

4444 2.1111 + 1122 
.. :' . 1112 

(3) 



R It 

IJI 

1 

• • 8 
8 
8 
8 
11 
Z4 
2' 
24 
6 
Z4 .. 
24 
14 
48 
41 .. 
.8 
If 

• 
1% 

,. 

Z4 
12 ., .. .. 
.8 .. 
18 
f8 
II 

" 
• Z4 
Z4 
2f 
f8 
98 ., 
.8 .. ., 
3' 
98 .. 
9< 
lit 

U 
98 
98 

32 
1 

• 8 
8 
8 
6 

•• .. 
.0 .. 
., .. .. .. .. 
• U .. .. 
'8 

9' 

Trio. 
GZinla 

12' 
(21 

1111 
111' 
1113 
1114 
1115 
Jll' 
1122 
1123 
lI!4 
IUS 
11%8 
1133 
1131 
HIS 
1136 
lll' 
1145 
11'6 
1 JS6 
1156 
J 1&' 
1222 

1213 

liZ' 

1"5 

11:6 
JIll 
l:ll 
12U 
123' 
Ilfl 
124,5 
124, 
1265 
1258 
1266 

USI 
Illi 
IJJS 
J338 
J344 
I31S 
13" 
JUS 
JUS 
13" 

HI' 
HfS 
144' 
14S~ 

145' 

146(1 

15 5$ 
1$5e 
l$e6 

1etfB 
2222 

2223 
2224 
222$ 
2226 
22JJ 
2234 
IIJ5 
2236 
2244 

2245 
UU 
2US 

22S6 
2188 

ZJJJ 
ZJJI 
23J5 
:tue 
23f1 

234$ 
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RII RI 

TrigonaZ 

•• (31 

.. 1118 

(8.111'.'.1112 
_2,11") /9 
3.1113+1123 

_1.2223 
_(2.1114.,.3.1124 

-11561/3 
_(2.1115.3.11 25 

+1146) / 3 
.. 1118 

_Hl115+11251 

2(1114+1124) 
4.1111+2.1112 

-!.1122 

_z. llJS-I. 12JS 

2. J 131 
... '.1113 .. 11 23 

+9.22!3 

(2.1145+3.1245)/2 

_2.1144+2.1155 
-3.1Zf4+J.I US 
_1111_1124 

+1 HI 

-( 2.1 14S+3.1245 )/2 
_1115_l11S 

-1146 
.. 1.1116/3 
(5.111H1112 
+IUS) / 9 

... (1114"'1156)/3 

.. ( 11lS .. 1146)/3 
1116 
1133 

_1134_1234 
.. l1H_12JS 

1136 
(Z.l1U_1244 

+1 255)/2 
-1145_1245 

.( 8.1115+ 1146 I / J 
(2.1144+1244 
_12551 /2 

(8.1114-11561 /' 
(18.1111-1.1112 

... 1168) 13 
JJ33 

_1334 
_1 335 

o 
1355 

-134 5 

-

28 
(41 

(8 .1111+ 1.1112 
_2.11&6 ) /9 
3.1113+1123 

_3, 2223 
_ (2 .1114+3.11 24 

-11 56)/ 3 
o 

2(1114 +11 24) 
1 . 1111+2.1112 

.. 2,1122 

2.1134 
6.1113-1123 

+9. 2223 

_ 2 .1144+2.1 Jt)5 

... 3. 1214+J. 1255 

.. 1114 ... 1124 
.. 1156 

o 
o 
o 

- ( 1 114 +1 156)/3 
o 
o 

11JJ 
... 1134_1234 

o 
o 

(2.1155 ... 1244 
+1255 )/2 

o 
o 

(2 . 1144+1244 
-1 255)/2 

(8.1114 ... 1156)/3 
f16 . I1Jl ... 4.I1J 2 
_11G'I/J 

UJJ 
_1334 

o 
o 

13$5 

Table 1 ~ 'Fo r; L 
HI! 

6(CS). r(c 3h )# 

~(CBh) 

o 

2f 
( 51 

o 
-1116 

(8.1111 + 1,1112 
_2.1 166)/9 
3,11/3+1123 

_3,2223 
o 

_111 6 

o 
o 

_2.1136 

o 
4.1111+2 . 1112 

- 2 .1 122 

o 
6.1113 ... 1123 

+9.2223 
o 
o 

(2 .1 lIf.'i+J.124S) 1 2 
o 

_ 2 . 1144·," . ln{ 
- 3 . ]214 +3.1255 

o 
o 

_( 2 .114 5 +3. 124S)12 
o 
o 

(5. 11 11+ 11)? 
+ 116G) /9 

] JIG 
]J33 

o 
o 

1136 
(2. 11!J5-1244 
+1 25[,)/2 

_114[,_J24S 
o 

(2.1144+1244 
_1 2S5)/2 

o 
(16.1111-4.1112 
-l186I /J 

l~JJ 
o 
o 
o 

1355 

-1345 

HI 

(B.l111+1. 11 12 
-2.1166) /8 
3.1113+1123 

... 3.2223 
o 

o 
4.1111-+2.1112 

_2.1122 

o 
6.1113-1123 

+9,2223 
o 
o 
o 
o 

.. 2.1144+2.1155 
_J.1 24H·J . 1!55 

o 

o 
o 
o 

n3J 
o 
o 
o 

(2.1155_1244 
+ 1255)/2 

o 
o 

(2.1144+12:'4 
- 12551/2 

o 
(I6. 1111 ... 4. 1112 
_l1"I /J 

1333 
o 
o 
o 

1355 

TIl CIT 
r.tra .... 
go"aL Cubia 

Hc,1 
715 41 

~(C4h) 
•• (71 

1112 

1123 

_1128 

o 
o 

1244 
o 

1111 

111 J 
u 
o 

-11 16 
1 J 3J 

o 
o 

.... 1136 
J ISS 

_114 5 
o 

J144 

o 
1166 

1333 
o 
o 

_1336 
13S5 

... 1345 

23171 

~f(ThJ 

1< 
(81 

o 
o 
o 

1122 
o 
o 
o 

1112 

1123 

o 
1123 

o 
o 
o 

1112 
o 
o 
o 

12S5 
o 
o 

1266 
o 

1244 

o 
1711 

1112 
o 
o 
o 

1122 
o 
o 
o 

1166 

o 
o 

1144 

o 
1155 

1113 
o 
o 
o 

1266 

I 

1.0tl'opic 

• ('1 

111% 
o 
o 
o 

o 
o 
o 

11 22 
o 
o 
o 

2,1122_1123 
o 
o 

..1111_1123 
o 

•• 1111_1112 
1112 

1123 

o 
112. 

o 
o 
o 

3.1112 .. 1123 
o 
o 

3,1112 .. 1123 
o 

4.1111+2.1112 
.... 2.1122 

1112 
o 
o 
o 

3.1112 .. 1123 
o 
o 

1126 
o 

3,1112 .. 1123 

o 
o 
o 
o 

... 2.1144+2.1 Us 
_3.1 244+3.1255 

o 

o 
111 1 

1112 
o 
o 
o 

1122 
o 
o 
o 

4.1111 ... 1112 

o 
o 

2 .11 22_1123 

o 
4.111 1 

1113 
o 
o 
o 

4.1111+2.111! 
.. 2 .1 122 

o 

3 
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The invariance property of the strain energy thus leads 
to a system of equations with the values of m and n 
given by: 

Trigonal: m= - t, n= V; or 

V3 
Hexagonal: m=t , n= T or 

V3 
m=t, n= -T 

V3 m=- t , n=- T 

Because of the invariance of 113 in equations (3), all 
the FOEC with an added index '3' satisfy the equa­
tions (Al)-(AI0) for TOEC given by Hearmon (1953). 
Therefore, only five additional sets of equations are 
needed for the remaining FOEC not containing the 
index '3'. These equations (Bl)-(B5) are given in the 
Appendix. For the hexagonal system, all the terms in 
equations (B2) and (B4) are set to zero owing to the 
symmetry operations. 

The final results for FOEC calculated in this way 
for RI, RII, HI, and HII are given in Table 1. The 
column headings, reading from- top-t o- bottom, are (1) 
name of system (and its short form), (2) the Hermann­
Mauguin and Schonfiies symbols of the classes, (3) the 
number of independent constants and (4) column num­
ber. While the numerals in column (2) represent the 
FOEC in a triclinic system, they also serve as a list of 
all constants for other crystals whether they are inde­
pendent or not. The independent ones in other crystal 
classes will be indicated by a bar and the dependent ones 
are expressed in terms of them. In this way, the indepen­
dent number of FOEC for a Laue group is just the 
number of bars in that column. With the Table given 
by Ghate (1965) for Laue groups N, M , 0 , CI, and TI, 
the scheme for FOEC is now complete. The ratio R 
is defined as R= Cpqrs/ Cljklmnot (for FOEC), where pqrs 
and ijklmnot are single and double indices respectively. 
The sum of all values of R for nth order elastic con­
stants should be 32n

• This can be used as a double 
check in preparing the Tables 1-3. 

The FOEC for an isotropic system can be obtained 
by combining the cubic system (CIl) with hexagonal 
system (HIl). The result gives the four independent 
constants as 1111, 1112, 1122, and 1123. The equations 
relating the different constants for an isotropic system 
agree with those given by Krishnamurty (1963). 

Calculations for FFOEC and SOEC 

The direct-inspection method employed here is the 
same as that used for second-, third-, and fourth-order 
constants (Fumi, 1951, 1952a, b, c, 1953; Hearmon, 
1953; Ghate, 1964, 1965). The results of FFOEC and 
SOEC are presented in Tables 2 and 3. These Tables 
are presented in the similar manner to Table 1. 

In principle the FFOEC and SOEC could be worked 
out for the other Laue groups as we did for FOEC in 
the previous section except for the formidable algebra 
involved. A computer should be ultilized for this 
lengthy calculation. 

To illustrate the use of this kind of table, we can 
write the terms of the elastic energy tPs for a cubic crys­
tal. To do this, we first list the resulting 18 independent 
FFOEC and the equivalent coefficients in Table 4. 
From Table 4 the elastic energy tP5 for a cubic crystal 
can then be written. The result is the sum of all the 
terms given in Table 5 divided by 5!. This expression 
has many more terms than of the lower order. The 
terms in tP4 and tP6 of other crystals can be worked out 
in the same way. 

Applications 

With the continuing improvement of the experimental 
accuracy in velocity measurement and the development 
of the method of shock waves (Graham, 1972), the 
determination of higher-order elastic constants ~ 
comes possible for all types of crystals. The contribu­
tion of higher-order terms in the experiments involv-

Table 2. Fifth-order elastic constants (FFOEC) 

II U 
rJOi .. ,1(011':' . 

oLinic cLinio 

1 • T ' Im 

m- zaJ: J 
C2 - %1 

"'-%J::1 
C2- %2 

2" "6 lJS 
(1) ( 2) ( J) (4) 

1 1111 1 

• 1111 2 
5 11 113 -.-

10 11114 0 
1 0 I11H ---)0 1111 6 0 
10 1 11 2.3 
20 11123 ---
40 11124 0 
4 0 11125 ---
f O 11126 0 
10 11133 ---
40 11 134 0 
f O 11135 ---
4 0 11136 0 
, 0 11144 ---so 11145 0 
8 0 1 11 46 
f O 11155 ---
80 11156 0 
. 0 1116 6 
10 11222 

m-x J%2 
CZ - z J "S 

(5) 

---
0 ---
0 

o 
Or tho _ 
r hombia 

222 

,. 
(6) 

---
0 

TI TIl 

'1. tl"cgona l 

4mm 
12m 
422 

4lmm'" 

44 
(,) 

---
0 

11122 

4 • 41m 

68 
(8) 

---
0 

---
" 

11122 

CI 

Tlm 
fl 2 
mJm 

18 
(S) 

; 1112 
o 
o 
o 

o 
o 
o 

11122 
o 
o 
o 

Cubi" 

ell 

2S 

~ J 

.. 
{JO} 

" 0 11US 
11 1 22 11122 
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Table 2 (cont.) 

R II M 0 TI TII CI eII 
(lJ ( 2) ( 3) (4) ( 5) (6) ( 7) ( 8) (S) (10) 

30 11223 
60 11224 0 0 
60 11225 0 0 
60 11226 0 0 
30 11233 11223 11223 

120 11234 0 0 
120 11235 0 0 
120 11236 0 0 
120 11244 
2 4 0 21245 
240 112 4 6 
120 11255 
240 11256 
120 11266 

10 11 JJJ 11122 11122 
60 11 JJ4 a a 
60 11335 a 
60 1 1 JJ6 a 

1'20 11344 1124 4 
2 40 ! J l4S a 
2'0 1 1346 a 
120 l1JSS 11266 
240 11356 a 
120 11366 11255 

80 11444 0 
2 4 0 114 4 5 0 
240 11446 
240 11455 
460 11456 
240 11 466 0 0 

80 115.55 a 0 
2 40 115 5 6 0 a 
2 40 11566 0 a a 

80 11666 0 0 a 
5 12222 11112 21112 11112 11112 

20 12223 11123 11123 11123 1 J 12 3 
40 1222 4 0 0 0 a 
40 12225 0 0 a a 
40 12226 a _ 11126 0 a 
30 ] 2233 11233 11233 112 2 3 11223 

120 12234 a 0 a a 
120 122J5 0 O' a a 
120 12236 a _ 11236 a a 
120 11224 11255 11255 11255 11 J66 

240 12 2 45 a _ 11245 a a 
240 12246 a a 0 a 
120 12255 11244 11244 11244 11344 
240 12256 a a a a 
120 12286 11266 11266 11266 11244 

20 12JJJ 11123 11 J 23 
120 12334 0 0 
120 12JJS a 0 
120 12336 0 0 
240 12344 
48 0 12345 a 0 
480 12346 a a a a 
240 12355 12J44 12344 12344 12344 
480 12356 a 0 a 0 
240 12366 12344 12344 
160 ] 2444 a a 
48 0 1244.<; 0 
480 J ::148 a 
480 12455 a 
S60 12456 
48 0 ] 2466 a 
160 12555 a 
480 12SSG _ 12440 a 
480 12566 a a 
160 i 2666 a a a 

5 13333 11112 11112 

40 IJJJ4 0 0 
4 0 IJJJS a a 
40 13336 0 

120 1 J344 11 2.55 11255 
240 13345 a 0 
240 13346 0 0 
12 0 1 JJSS 11266 11266 
240 1 JlSS a 0 
120 1 J366 11244 11244 
160 13444 0 0 
480 13445 , 0 
480 13440 a 0 
uo 13455 a 0 
960 134!j6 12456 ] 2456 
480 13466 a 0 
160 1 J5.sS a 
480 J 3556 0 
480 1 J5aS a 
160 103666 a 
80 14444 
320 14445 
320 14446 
48 0 14455 
960 J 4456 0 
480 J 4166 14455 
320 145S5 a 
JDO } 455G a 
'160 14 66 a 
,,0 14666 a 
60 J 5555 
320 15556 



6 FOURTH-, FIFTH- AND SIXTH-ORDER ELASTIC CONSTANTS IN CRYSTALS 

Table 2 (cont.) 

R N N 0 Tl TIl cr crr 
III 121 131 141 lSI 161 171 181 III 1101 
480 lU.8 
320 1568S 0 0 
80 16666 HSU 
1 2222: 11111 11111 11111 11111 
S 22223 11113 11113 11112 1111& 
10 %lU4 0 0 0 0 0 
10 2U25 0 0 0 0 0 
10 2:226 0 0 _11116 0 0 
10 22233 11133 11133 11111 11111 
40 22234 0 0 0 0 0 
40 22236 0 0 0 0 0 
40 H236 0 0 _11136 0 0 
40 2ZU4 llHS l11U l11U 11166 
80 22245 0 _11145 0 0 
80 22246 0 0 0 0 
40 22255 11144 11141 11144 11144 
80 H2S6 0 0 0 0 
40 22266 11lS6 11166 l11U 111$$ 
10 H333 11133 11333 11112 11131 
'0 U334 0 0 0 0 
80 Z23JS 0 0 0 0 
'0 22338 0 _11338 0 0 
1%0 22344 113SS 1135' lUll lUll 
240 ZZ3H 0 0 _1134S 0 0 
240 22346 0 0 0 0 0 
110 22J5~ 11344 11244 11244 11144 
140 H3U 0 0 0 0 0 
120 22366 11366 1138. 112U lIlU 
80 22444 0 0 0 0 
240 J24'S 0 0 0 0 
240 UII8 0 _11S56 0 0 
.. 0 22'S, 0 0 0 0 0 
460 ZZ4U 114$1 114S6 114$1 114$1 
Ho 22466 0 0 0 0 0 
80 22US 0 0 0 0 0 
240 U5S' 0 0 _ 11446 0 0 
240 UU, 0 0 0 0 0 
80 22666 0 0 - 11668 0 0 

• 2llJJ 18JJJ 1 JJJJ ll11Z 11111 
'0 2'''3' 0 0 0 0 
40 %J33S 0 0 0 0 
40 U3U 0 _18U6 0 0 
ltD 233" 13JU IllSS 11:68 lUiS 
240 2334S 0 .13345 0 0 
140 Jll" 0 0 0 0 
120 2JJS.s 13311 13311 l1%U 11311 
240 2ll'S 0 0 0 0 
1%0 23388 13886 13386 1124~ 11344 
110 234'4 0 0 0 0 
460 23f'S 0 0 0 0 0 
460 23'" 0 0 -13556 0 0 
480 234SS 0 0 0 0 
"0 23.SS 13458 13456 12456 1%451 
460 IJ'" 0 0 0 0 0 
110 23U6 0 0 0 0 0 0 
460 2JUI 0 0 0 _H446 0 0 
480 UUI 0 0 0 0 0 0 
lID 23111 0 0 0 _1386' 0 0 
80 J"" H5SS lSUS HUS 18611 
310 14445 0 _1,S55 0 0 
UO 24441 0 0 0 0 
480 244SS 1"55 14.U 14455 14468 
if 0 :',S8 0 0 0 0 
460 2441S 15$16 ISS66 lU8I ISSS6 
no 2 .. U 0 0 .1"'5 0 0 
180 Z4SS8 0 0 0 0 0 
180 %'566 0 0 _14566 0 0 
320 2"" 0 0 0 0 0 
80 2US5 14441 14444 14444 If'" 
420 2U5S 0 ·0 0 0 
480 :SUS 14456 14.86 144U· 144SS 
320 2S8I8 0 0 0 0 
'0 28S,6 16666 16666 ISSSS lSSSS 
1 JJII.! 11111 11111 
10 JJJJI 0 0 
10 J33JS 0 0 
10 IlllS 0 0 
.0 33344 111S5 l11U 
80 3334. 0 0 0 0 
80 33348 0 0 0 0 
.0 33JU U 311 33344 11 ISS 11181 
80 J33U 0 0 0 0 
.0 333,6 111'4 11144 
80 33.44 0 0 
240 lJ"S 0 0 0 
240. JJI'S 0 0 0 
240 33.S' 0 0 
480 334U 11458 114S8 
B40 33466 0 0 0 0 
80 3 3SSS 0 0 0 0 
240 33S56 0 13ffS 0 0 
240 33 566 0 0 0 0 
80 33666- 0 0 0 
Bo 3ffff lSSSS l$S55 
320 3444.5 0 0 
320 34446 0 0 
.BO 344.5.5 15586 lSS68 
960 344S6 0 0 
480 34466 144.55 llflili 
320 34liSli o · _ JI4IS 0 0 
960 34Sli6 0 0 0 0 
9 60 34.56B 0 0 0 0 
J20 34BB6 0 0 0 0 



DAVID Y . CHUNG AND YUAN LI 7 

Table 2 (cont.) 

R N H 0 XI TIl Cl CII 
(I) (2) (3) (,) (S) (6) (7) (8) (9) 1l0) 

80 3ShSS 34444 3444f 15555 16668 
320 3S JU 0 0 0 0 
480 3SH8 34466 34466 14455 14466 
320 35868 0 0 0 0 
80 36666 H44. 14 4 4~ 
32 44444 0 0 
160 ffffS 0 
160 44448 0 
320 f4lSS 
840 44458 
320 44466 0 0 0 
320 If5SS 0 0 0 
960 44556 0 0 0 
980 44566 0 0 0 
320 44686 0 0 0 0 
160 ISSS:; 0 0 0 0 0 
640 4St;:iS 444S8 •• 456 44456 flUS 
980 45566 0 0 0 0 
840 .JS686 44456 44458 
160 48666 0 0 0 0 
32 55:;:;S 0 0 0 0 
160 SSSS6 0 · 44446 0 0 
320 :;S566 0 0 0 0 
320 55666 0 _ '4666 0 
160 56666 0 0 0 
3. 66666 0 0 0 

Table 3. Six th-order elastic constants (SOEC ) 

R N " 0 Tl TIl CI CII 
7' 1' i ... Hono _ Oyotho -

olinic o linio rhombio TQ tl'ag onal. Cubio 

I 222 4",,,, 4 iJm 23 
1 2/m 12m 7 43Z ~! 11m",,,, ./m m3m 

"' · %2%3 m- %J%'1 "'-%1%2 
Cp, - zl c,,-z,. C,. - za 

462 24G 246 2<. 138 73 W ~i!) 48 
Il) ( 2) ( 3) '" ( S) (6) ( 7) (10) 

I 111111 
B 111112 

• 111113 111112 
12 111114 0 
12 111115 0 
12 111118 0 
1$ 111122 
30 111123 
.0 11112' 0 
.0 111125 0 
80 111128 0 
IS 11 J I ll 111122 
60 11 1 134 0 
60 J 1J 1.35 0 
60 111136 0 
60 111144 
120 111 145 
120 111148 
60 111US 
120 111 156 0 
80 111168 J 11155 
20 111222 
80 111223 
120 111224 0 0 
120 111225 0 0 
120 111226 0 0 
60 111233 111223 111223 
2'0 111234 0 0 
240 l11Z3S 0 0 
240 111236 0 
240 111244 
480 11124li 
480 111246 
240 111255 
480 111256 
210 111266 
20 111 llJ 111222 111222 
120 111 JJI 0 0 
120 111 JJS 0 0 
120 11133 6 0 0 
240 I11J44 111244 
480 111 J4t) 0 
480 111J46 0 
240 1113SS 111266 
480 llJJS6 0 
240 111366 1112SS 
16 0 111444 0 
480 11144 S 0 
480 111446 0 
480 1J14SS 0 
960 111456 
460 111466 0 0 0 
160 111555 0 0 0 
480 111SSa 0 0 0 
480 111566 0 0 0 
160 111666 0 0 0 
1$ 112222 111122 111122 111122 111122 
80 112223 11122J 111223 111223 111223 
120 112224 0 0 0 0 
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8 FOU RTH-, FIFTH- AND SIXTH- OR DER ELASTIC CONSTANTS IN CRYSTALS 

Table 3 (cont.) 

N f.f 0 TI TIl CI CII 
R 

(1) (2) ( 3) (4) (5) (6) (7) ( 8) (SI (10) 

120 112225 0 
120 112226 0 _111226 
90 112233 
360 112231 0 
360 !l2235 0 
360 112236 0 
360 112244 
720 112245 0 0 0 0 
720 !l2U6 0 0 0 0 
360 112255 112244 112244 1122H 113344 
720 112256 0 0 0 0 
360 112266 
60 112333 111223 111223 
360 11233. 0 0 0 0 
360 112335 0 0 0 0 
360 112336 0 0 0 
720 112jH 
1440 112345 0 0 
1440 112346 0 0 
720 112355 
1440 112356 0 
720 112366 112355 
480 112444 0 0 0 
1440 112445 0 0 
1440 112446 0 
14'0 112.55 0 
2880 1121!>6 
1440 112'U 0 0 0 0 0 
460 112555 0 0 0 0 0 0 
14.0 112556 0 0 0 0 0 
1440 ~~~;:: \ 0 0 0 
480 0 0 0 
15 113333 111122 111122 
120 113334 0 0 0 0 
120 113335 0 0 0 0 
120 11 lSI6 0 0 0 
360 1133 U 11224. 11:255 
720 113345 0 0 0 
720 113348 0 0 0 
360 113355 112266 112266 
720 JIll:;6 0 0 
360 113366 112244 112244 
.80 113444 0 0 
1440 113445 0 0 
1440 113446 0 0 
1440 113455 0 0 
2880 113456 112456 
1440 11 3466 0 0 
480 11 JSSS 0 0 0 
14 40 113556 0 0 
1440 113566 0 0 
480 113666 0 0 
240 114444 
960 114445 
960 114446 0 
14.0 114455 
2880 114458 0 0 
1440 114466 114455 
960 114555 0 
2880 114556 0 
2880 114558 0 
960 114666 0 
240 115555 ---
960 116556 
1440 11556 6 
960 115666 0 
240 ]18666 115555 
6 122222 11111 2 111112 111113 111111 
30 122223 111123 111123 111123 111123 
60 1 22224 0 0 0 0 
60 122225 0 0 0 O. 
60 122226 0 _111126 0 0 
60 1 22233 . 111233 111233 111223 111223 
2'0 122234 0 0 0 0 
240 122235 0 0 0 
24 0 122236 _ 111236 0 0 
240 122244 111255 111 2 ~5 111255 111366 
460 1 22245 0 -11 12 45 0 0 
480 122246 0 0 0 0 
240 1 22255 111 2" 11124' 1112.4 111344 
.80 122256 0 0 0 0 
240 122266 111266 111266 111 266 111355 
60 122333 112333 112333 111223 111233 
360 122334 0 0 0 0 
360 122335 0 0 0 0 
360 122338 0 _ 112336 0 0 
720 12 2 344 112355 112355 112355 112355 
1440 122345 0 _112345 0 0 
1440 122346 0 0 0 0 
720 122355 ' 112344 112344 lU344 112344 
14.0 122356 ,1 0 0 0 
720 122368 112366 112368 112355 112355 
480 122444 0 0 0 0 
1440 122445 0 0 0 0 
14'0 122448 0 -112556 0 0 
1440 122455 0 0 0 0 
2880 122456 112456 11 2456 112456 113456 
1440 122466 0 0 0 0 0 
480 122555 0 0 0 0 0 
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Table 3 (cont.) 

R N H 0' TI TII CI CII 
(1) ( 2) ( 3) (4) (5) (e) (7) (8) (9) (JO) 

1440 12U58 _ 112446 0 0 
1440 122566 0 0 0 
480 122686 -112866 0 0 
30 1233J3 111123 111123 
240 12J334 0 0 
240 12JJJS 0 0 
240 123336 0 0 
720 123314 112355 112355 
1440 123345 0 0 0 0 
1440 123346 0 0' 0 0 
720 123355 123344 123344 112355 112366 
1440 123356 0 0 0 
720 123386 112344 112341 
980 123444 0 0 
2880 123445 0 0 
2880 123446 0 0 
2880 12J4S5 0 0 
576(1 123456 
2880 123466 0 0 
960 123555 0 0 
28BO 123556 -123448 0 
2880 123568 0 0 
960 123666 0 0 
480 124444 
1920 124445 
1920 124446 
2880 124455 
5760 124456 
2880 124466 
1920 124StiS _124445 
576 0 124556 0 0 0 
5760 124566 0 0 0 
1920 124666 0 0 0 
480 125555 124444 12444 4 124444 
1920 125556 0 0 0 
2880 125566 124466 124466· 124466 
]920 125668 0 0 0 
480 126666 
6 IJJJ!J 111112 111112 
60 1 JJ JJ 4 0 0 
60 1 JJJJ 5 0 0 
60 IJJJJ6 0 0 
240 133344 11125S 111255 
480 IJJJU a a 
480 133346 a a 
240 IJJJSS 1]1366 }11266 

480 IJJJ5B a a 
240 133366 111244 111244 
.80 133444 a a 
1440 133445 a a 
1440 133446 a a 
1440 Ill4:;!) a a 
2880 1 JJ 456 112456 1121S1 
1440 J33466 a a 
480 IllS:;!) a a 
1440 J JJ5S6 a a 
1440 133568 a a 
480 133666 a a 
480 1J4444 J 24444 125555 
1920 134445 a a 
1920 134446 0 a 
2880 J 34455 121466 125566 
5160 134456 a a 
2880 1344G6 124455 124455 
1920 134555 a a 
5160 134556 a 
5160 134566 a 
1920 134866 0 a 
480 135555 126666 126666 
1920 135556 a a 
2880 135566 124466 124466 
1920 135666 0 a 
480 136666 124444 124444 
192 144444 a a 
980 144445 a 
960 144446 0 
1920 144455 a 
3840 144456 
1920 144466 
1920 144555 
5760 1445SS 
5180 144566 
19~0 ]44666 
960 145 555 
3840 14SS56 
5160 1455 66 a 
3840 14566 6 145556 
960 146666 a a a 
192 155555 a a a 
Rea 155556 a 0 0 
1920 155566 0 a 0 
1920 155666 a 0 a 
960 156666 a a 0 
192 166 6G6 a a 0 
1 222222 111111 J 11111 111111 111111 
6 222223 111113 111113 111112 111113 
12 222224 0 a a a 
12 222225 a a a 0 
12 222226 a -111116 a a 
15 222233 JIll J3 J 111 J3 J J 11 22 111122 

60 222234 a a a a 



10 FOURTH-, FIFTH- AND SIXTH-ORDER ELASTIC CONST ANTS IN CRYSTALS 

Table 3 (cont.) 

R .v H 0 TI TIl CI CII 
11) (2) ( 3) (0 (5) (6) ( 7) ( 8) (9) (10) 

60 222235 0 0 0 0 
60 222236 0 -1111 36 0 0 
60 222244 11 J ISS 111 ISS JI1HS 111168 
120 2222'S 0 _11114S 0 0 
120 222248 0 0 0 
60 222255 111144 111144 111144 111144 
120 222256 0 0 0 0 
60 222266 11 J 166 111166 1111 55 1111 5 5 
20 222JJJ 11IJlJ 111 JJJ 111222 111333 
12.0 222334 0 0 0 0 
110 222335 0 0 0 0 
120 222336 0 _ 111336 0 0 
210 222344 111 355 111 3S.S 111266 111266 
480 22234S 0 -11134:; 0 0 
460 222348 0 0 0 0 
240 222355 111344 111344 H1244 111244 
480 222356 0 0 0 0 
240 223366 111 366 J JJ 366 111255 111255 
160 222444 0 0 0 0 
480 222445 0 0 0 0 
480 222446 0 _ 111556 0 0 
480 2224SS 0 0 0 0 
960 222456 111456 1114:;6 111456 111456 
480 222466 0 0 0 0 0 
160 222SU 0 0 0 0 0 0 
460 2225S6 0 0 0 -111446 0 0 
460 222588 0 0 0 0 0 0 
160 222666 0 0 0 _111 666 0 0 
IS Z2 l JJJ IlJJJJ 111 133 111122 111133 
120 223334 0 0 0 0 
120 22JJJS 0 0 0 0 
120 2ZJJJ6 0 _ 113336 0 0 
360 223344 11 l 35 5 }13355 112266 113355 
720 223345 0 - 11 JJ45 0 0 
120 223346 0 0 0 0 
360 22JJS!) 113344 1 I 3344 112244 113366 
120 223358 0 0 0 0 
360 223366 713366 113366 11·2244 I13J4f 
4BO 223444 0 0 0 0 
1440 223445 0 0 0 0 
1440 223446 0 . _ JJJ ~S6 0 0 
1440 22345~ 0 0 0 0 
2880 223456 113456 113456 1124S6 112fS6 
1440 22 3466 0 0 0 0 
460 2235 ~5 0 0 0 0 
1440 ?2 3f)5 6 0 _ 113446 0 0 
1440 223568 0 0 0 0 
460 223666 0 -l U666 0 0 
240 224444 lHb55 1 J5sf)5 1 ]$S55 116666 
960 224445 0 _ 1145505 0 0 
960 224,J,iii 0 0 0 0 
1440 2214~S 114455 11445~ 114455 114466 
2880 224 456 0 0 0 0 
1440 224466 ' 115568 115566 1 H566 115566 
960 224555 0 _114445 0 0 
2880 224556 0 0 0 0 
2880 224566 0 _1145 66 0 0 
960 224666 0 0 0 0 
240 2250555 111444 J 14444 114444 114444 
960 22$556 0 0 0 0 
1440 27. 5566 114 466 J 14466 114455 11445S 
.60 2P.5666 0 0 0 0 
24 0 226666 11 6666 116666 11f)5S5 115555 
6 23J33J JJ33J3 133333 111112 111113 
60 233334 0 0 0 0 
60 2J3J3f) 0 0 0 0 
60 2333J6 0 _13JJ 36 0 0 
240 23J344 133 355 13J355 11 1 286 111355 
480 233345 0 _ 13334S 0 0 
48 0 233346 0 0 0 0 
240 2J3J55 133344 1J3J44 111255 111366 
460 233356 0 0 0 q 
240 233366 133366 133366 111 2 44 111344 
460 233444 0 0 0 0 
1440 2 33145 0 0 0 0 
1440 23 3446 0 _!JJS S6 0 0 
1440 233455 0 0 0 0 
2880 2 331f)6 133456 133458 112456 133456 
1440 233466 0 0 0 0 
480 233 5 055 0 0 0 0 
1440 233556 0 _1 33446 0 0 
1440 233566 0 0 0 0 
480 233666 0 _ 133666 0 0 
460 23 4444 )J5555 135555 126666 1Jf)555 
1920 23 4445 0 13USS 0 0 
1920 234446 0 0 0 0 
2880 234455 134455 1344505 124466 135 5GS 
05760 234456 0 0 0 0 
2880 234466 I Jb$66 135566 124466 134455 
1920 234555 0 _ 134445 0 0 
5760 2345f)6 0 0 0 0 
5760 234566 0 _1J4 :)66 0 0 
1920 2J466G 0 0 0 0 
460 2355U 134441 134444 12 4444 136866 
1920 235S56 0 0 0 0 
2880 235566 134166 134466 124455 134466 
1920 235866 0 • 0 0 0 0 
480 236666 136668 1 J6666 124444 134444 
192 244444 0 0 0 0 
960 244445 0 0 0 0 
960 2 44446 0 _155 S56 0 0 
1920 244455 0 0 0 0 
3840 244456 1455:)6 145556 IfS556 145686 
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Table 3 (cant.) 

R N /I 0 TI TIl eI ell 
(lJ ( 2) ( 3) (4) (.) (6) (7) ( 8) (B) (JO) 

1920 244466 0 0 0 0 0 
192P 244 ••• 0 0 0 0 0 
5'160 244.556 0 0 _ 144556 0 0 
S760 244.566 0 0 0 0 0 
1920 244666 0 0 - ]5S666 0 0 
960 24 •••• 0 0 0 0 0 
3840 2 45.556 144456 144456 144456 144456 
5760 2455 6 6 0 0 0 0 
3840 245666 14.066 145666 14SSS6 14 ••• 6 
960 246666 0 0 0 0 
192 2S5fi55 0 0 0 0 
960 2 •••• 6 0 _144446 0 0 
1 920 2055566 0 0 0 
1920 255666 0 _ 144666 0 
960 256666 0 0 0 
192 266666 _ 166666 0 0 
1 JJJJJJ 111111 111111 
12 JJJJJ4 0 0 
12 JJJJJS 0 0 
12 JJJJJ6 0 0 
60 3JJJ44 J.lll" 111155 
120 J JJJ45 0 0 0 
120 J3JJ46 0 0 0 
60 JJJJSS 333344 JJJJ44 /11155 111166 
120 JJJJS6 0 0 0 0 
60 33336B 111144 111144 
160 JJ3444 0 0 
480 JJJ445 0 0 
480 333446 0 0 
4 80 33 3 4:;5 0 0 
960 3334 56 111456 111456 
480 33 3 466 a 0 a 
160 lJJ5.5S a 0 a 
460 3 J JSS6 0 _ 333446 a 
480 3335GB 0 0 a 
160 333866 a a a a 
240 33 4 444 11SSSS 1155:;S 
960 334445 a a 
960 334446 a a 
1440 JJ44SS 11 5566 11.5566 
2880 334456 a a 
1440 334466 11445.5 J 144.55 
960 JJ45SS a _ 33444,5 a a 
2880 JJ 4 SS6 a a a a 
2880 3 34566 a a a a 
960 334666 a a a a a 
2 4 0 JJ.5SSS 334444 33444 4 1155S:; /16666 

960 JJSSS6 & a a a 
1440 JJS:i66 334466 334488 1144~5 114466 
960 335666 a a a a 
240 336666 114444 1144 44 
192 344444 a a 
960 344445 a a 
960 344446 a a 
1920 344455 a a 
3840 3444.6 1 4 .... 145556 
1920 3 44466 a a 
1920 344555 a 0 
5760 344556 a 0 
5760 34456 6 a a a 
1 920 34466 6 a 0 a 
960 345555 a a a a 
3 840 345556 344456 344456 145556 145666 
5760 345566 a a 0 a 
J840 345666 144456 144456 

960 3. 6 666 a a a a 
192 355.555 a a a a 
960 355556 a _ 344446 a a 
1920 J55566 a a a & 

1920 3:;5666 _ 344666 a 
960 356666 a a 
192 366666 a 
64 444444 
384 444445 
384 444446 
960 444455 
1920 444456 0 
960 444466 44 44 .55 
1280 4 f4~55 a a a a 
3840 444.556 a a a a 
J840 414566 a a a 
1280 4 4 4666 a a a a 
960 445555 444455 44445.5 444455 444466 
J840 445556 a a a a 
5760 445566 
3840 445666 a 
360 446866 444455 
384 455555 a -444445 a 
1920 455558 a a a 
3840 45556B a _ 444568 0 
3840 455666 C a a 
1920 456666 a a a 
384 466666 a a a 
64 ,5555,55 444444 444444 4444 4 4 44 4 444 
384 5555,5S a 0 a a 
960 ,555566 444466 444466 444455 444455 
1280 .5S5666 0 a 0 0 
960 .556666 446666 446666 444455 444466 
J84 566666 a a a a 
64 666666 444444 44444-



12 FOURTH-, FIFTH- AND SIXTH-ORDER ELASTIC CONSTANTS IN CRYSTALS 

Table 4. The 18 independent fifth-order elastic constants 
and their equivalence for a cubic crystal 

11111 =22222=33333 
11112= 11113 = 12222= 13333 =22223 =23333 
11122= 11133 = 11222= 11333 =22233 =22333 
11123 = 12223 = 12333 
11144=22255 = 33366 
11155 = 11166=22244=22266=33344= 33355 
11223 = 11233 = 12233 
11244= 11344= 12255 = 13366=22355 =23366 
11255 = 11366= 12244= 13344=22366=23355 
11266~ 11355= 12266= 13355=22344=23344 
11456 = 22456 = 33456 
12344= 12355 = 12366 
12456 = 13456 = 23456 
14444=25555 = 36666 
14455 = 14466 = 24455 = 25566 = 34466 = 35566 
15555 = 16666 = 24444= 26666 = 34444 = 35555 
15566 = 24466 = 34455 
44456 = 45556 = 45666 

Table 5. Elastic energy rPs for a cubic crystal 

C11111(17~ +17~ + 17g) 
Cl1112[17t(172 + 1'/,) + 17~(17t + 17,) + I'/~(I'/' + 1'/2)] 
Cl1122[I'/~(77~ + 77D + 77HI'/~ + I'/D + 77~(I'/~ + 77m 
Cu12J(771112773 + 7711'/1113 + 77111211~) 
Cl1144(171'1~ + 17llf, + 17~'1~) 
Cl1m[I1HI'/~ + I'/~) + 77~(77! + 77~) + 77~(11! + 77~») 
Cl1223(77~11~113 + 17~11~112 + 77~I1~I1') 
C11244[77~I1!(772 + 77,) + 11~77~\I1' + 773) + 77~11~(771 + 772») 
Cllm[I1~l1t77277~ + 11377~) + 772(77177! + 11377~) + 11~(77177! + 11277~») 
C11266[77'11277~(77' + 772) + 77,77311}(77, + 113) + 7727731'/!(772 + 773») 
Cl14S6r774I'/sI16(77~ + 11~ + 77m 
C12J44[77'7721/3(1/~ + I/~ + I/~») 
C124S6[1/477sI/6(I1,772 + 11,113 + 7721/,») 
C14444(l/ll1: + 7721/~ + 1/377:) 
C144ss[77!I1~(I1' + 1/2) + 77M(I/, + '1,) + 1/!11~(1/2 + 77,») 
C1Ssss[I1~(77' + 773) + 1/:(112 + 1/1) + 11:(11, + 772») 
Cm66(l/tl/~l/~ + 1/ 21/!11~ + 7711/!11~) 
C444S6[1'/4I/SI'/6(1'/! + I/~ + I/~») 

ing non-linear effects is appreciable, which is consis­
tent with the point made by Chang & Barcsh (1967) 
that the convergence of the series expansion for the 
strain energy is fairly slow. The recently developed 
theory (Ljamov, 1972; Ljamov, Hsu & White, 1972) 
for the calculation of the non-linear effects in the sound 
velocity, can also be extended to include higher-order 
terms. Recent measurements in quartz (Lean & Tseng, 
1970) make the inclusion of higher-order terms in cal­
culating the amplitude of the harmonic generations 
pertinent. 

Summary 

By the use of the symmetry properties of different crys­
tal classes, the schemes of elastic constants have been 
worked out to higher orders. The number of these con­
stants agree very well with the group-theoretical pre­
dictions. These tables can provide the basis for the in­
vestigation of non-linear effects of higher orders in 
different solids. 
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APPENDIX 

Equations relating the different FOEC for trigonal and 
hexagonal systems 

Equations (B1) 

Equations (B2) 

4444 independent 
4445=4555=0 
4455=2.4444 
5555=4444 

1444, 1445, 1455, 1555 independent 
2444=-t(1444+1455) 2445=-t(3.1555-1445) 
2455 = -t(3 . 1444-1455) 2555 = -t(1555 + 1445) 
4446=--!-(3.1555+1445) 4456=t(3.1444+1445) 
4556=-t(3.1555+1445) 5556=t(3.1444+1445) 

Equations (B3) 
1144, 1145, 1155, 1244, 1245, 1255 independent 
1446=t(2. 1145+3 . 1245) 1556= -t(2. 1145+3 . 1245) 
1456= -2 .1144+2 .1155 -3.1244+3.1255 
2244=t(2. 1155 -1244+ 1255) 
2255 =t(2 1144+ 1244-1255) 
2446=t(2.1145-1245) 2556= - -H2. 1145-1245) 
2245 = - (1145 + 1245) 4566 = 2 . 1245 
2456= -2 . 1144+2. 1155+1244-1255 
4466=t(2. 1144+2.1155+1244-3.1255) 
5566 = t(2 .1144+2.1155-3 .1244+1255) 

Equations (B4) 
1114, 1115, 1124, 1125, 1146, 1156 independent 
1224= -(2.1114+3.1124-1156)/3 
1225= -(2.1115+3.1125+1146)/3 
1246= -2(1115+1125) 1256=2(1114+1124) 
1466= -(1114+ 1124-1156) 1566= -(1115 + 1125 + 1146) 
2224= -(1114+ 1156)/3 2225 = -(1115 -1146)/3 
2246= -(8 . 1115 + 1146)/3 2256 =(8 . 1114-1156)/3 
2466= -(5.1114-1156-3.1124)/3 
2566= -(5.1115+1146-3.1125)/3 
4666=-2(1115-3.1124-1146)/3 
5666=2(1114-3.1125+1156)/3 

Equations (B5) 
1111,1112,1116,1122,1166 independent 
1126 = - 1116 1226 = - 1116 
1222=(8.1111+7.1112-2.1166)/9 
1266=2(2. 1111 + 1112-1122) 
166= -4 .1116/3 2222=(5.1111+1112+1166)/9 
2226=1116 2266=(16.1111-4.1112-1166)/9 
2666= -4.1116/3 
6666=(2.1111-5.1112+3.1122+1166)/3 
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